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An examination is made of the dynamic structure of solid-phase 
equilibrium during fluidization both in steady and in unsteady 
conditions. A mathematical description is obtained f~ the entrain- 
ment of the solid phase. The two-stage nature of the process (dense 
phase-subLayer space--entrainment) explains the inflection in the 
entrainment curves. 

During f lu id iza t ion  of a so l id  g r a n u l a r  m a t e r i a l  by 
an a scend ing  gas  s t r e a m ,  some  por t ion  of the so l id  
phase  is unavoidably  c a r r i e d  away with the s t r e a m .  
The ma in  pa r t  of th is  loss  c o n s i s t s ,  as  a ru le ,  of the 
f ines t  g r a i n s - - d u s t .  We deem it n e c e s s a r y  to c o m -  
mence  an ana lys i s  of the m e c h a n i s m  and laws of e n -  
t r a i n m e n t  with an examina t ion  of the g e n e r a l  s t r u c t u r e  
of a f lu id ized bed as  a whole. 
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Fig.  1. E n t r a i n m e n t  dur ing  pe r iod i c  (a) and 
continuous (b) f lu id iza t ion .  

The outl ine d i a g r a m  of a r e a c t o r  with a s t eady  
f lu id ized  bed is shown in Fig .  l a .  In g e n e r a l ,  the 
r e a c t o r  may  be divided into t h r e e  ma in  reg ions .  R e -  
gion 1- - the  b a s i c  f lu id ized  b e d - - i s  loca ted  i m m e d i a t e l y  
above the g r id  which suppor t s  the bed and d i s t r i b u t e s  
the gas.  The mean  bed dens i ty  in this r eg ion  is c l o s e  
to the bulk dens i ty  of the bed  at  r e s t ,  and g radua l ly  
d e c r e a s e s  with i n c r e a s e  of gas  s t r e a m  veloci ty .  
Throughout  the whole inhomogenei ty  of the f lu id ized  
bed the mean  local  dens i ty  v a r i e s  c o m p a r a t i v e l y  
l i t t le  in pa r t s  of this  r eg ion  which d i f fer  a cco rd ing  to 
the height  and d i a m e t e r  of the r e a c t o r  [1,2]. 

In the upper  pa r t  of the b a s i c  f lu id ized  bed  we pass  
into Region II - - the  e j ec t ion  r eg ion  or  s e p a r a t i o n  zone. 
As a r e s u l t  of the ou tburs t  of bubbles  and the upsu rge  
of " p a r c e l s "  of g r a i n s  of the so l id  phase ,  p a r t i c l e s  
a r e  th rown up f rom the bed to a c e r t a i n  height  and 
then fa l l  back.  Because  of the random d i s t r ibu t ion  of 
k ine t ic  ene rgy  of the outgoing p a r t i c l e s  and of the 

heights  to which they a r e  thrown,  the d i s t r i bu t ion  of 
m e a n  dens i ty  with height  in Region I[ is exponen t ia l  
in na tu re :  

p ~: p0exp ( - -  z/ho). (1) 

The quant i ty  h 0 is ve ry  s m a l l  as  a ru le ,  and the mean  
dens i ty  in Region II fa l ls  ve ry  sha rp ly  with height.  At  
a l a rge  flow ve loc i ty ,  however ,  this  reg ion  m a y  extend 
over  the whole r e a c t o r .  

When t h e r e  is a l a rge  height  of r e a c t o r  above the 
s e p a r a t i o n  Region II, t h e r e  ex i s t s  Region III, which 
is r e a c h e d  only by very  f i n e - g r a i n e d  p a r t i c l e s ,  whose  
c r i t i c a l  ve loc i ty  co s is l e s s  than the flow ve loc i ty  w0, 
c a l c u l a t e d  over  the whole r e a c t o r  sect ion.  In this  
r eg ion  pneumat ic  t r a n s p o r t  of dust  occur s  at  a ve ry  
s m a l l  concen t ra t ion  which is p r a c t i c a l l y  unchanging 
with height.  

If the gas out le t  f rom the r e a c t o r  is s i t ua t ed  in 
Region II (Fig. l a ) ,  then e n t r a i n m e n t  of the so l id  
phase  wi l l  be obse rved ,  the concen t ra t ion  depending 
on the height  in a c c o r d a n c e  with (1). This  kind of 
e n t r a i n m e n t  wi l l  occur  a l so  in a m o n o d i s p e r s e  f lu i -  
d ized  bed conta in ing g r a i n s  of iden t ica l  s ize .  F o r  a 
p o l y d i s p e r s e  f lu id ized  bed with flow ve loc i t i e s  ve ry  
c lo se  to the c r i t i c a l  ve loc i ty ,  s e p a r a t i o n  with height  
is obse rved ,  and the f ines t  (dust) p a r t i c l e s  wi l l  be 
p r e f e r e n t i a l l y  en t ra ined .  When the flow veloc i ty  is in-  
c r e a s e d ,  however ,  be c a use  of in tens ive  mix ing  of the 
so l id  phase  in Regions  I and II, the f r ac t i ona l  c o m p o -  
s i t ion  of m e c h a n i c a l  e n t r a i n m e n t  wil l  not be s i g n i f i -  
cant ly  d i f fe ren t  from that  of the b a s i c  f lu id ized bed. 

F ina l ly ,  for  c e r t a i n  highly d i s p e r s e d  m a t e r i a l s  
(po lychlorovinyl  r e s i n ,  sha le  f lotat ion concen t ra t e ) ,  
n p a r c e l s "  of whose g ranu les  a r e  quite s t ab le  in the 
bed (Region 1) and d i s i n t e g r a t e  only in Region II, the 
change in concen t ra t ion  in Region 2 m a y  be prove to 
be ins ign i f ican t ,  and condi t ions  may  a p p r o x i m a t e  to 
those  of Regions III. 

When t h e r e  is cont inuous cha rge  into and d i s c h a r g e  
f rom the r e a c t o r  (for example ,  of coking c a t a l y s t  in 
ca t a ly t i c  c r ack ing ) ,  a s t eady  flow d i s t r i bu t ion  of so l id  
is e s t a b l i s h e d ,  as shown in Fig.  lb .  A def ini te  
ba lance  is e s t a b l i s h e d  between supply ,  d i s c h a r g e ,  and 
en t r a inmen t ,  both for  the to ta l  m a s s  and for the s e -  
p a r a t e  g ranu le  f rac t ions  of the bed. 

Leaving a s ide  the pe r f ec t l y  m o n o d i s p e r s e  bed (for 
e x a m p l e ,  of s p h e r e s  of iden t ica l  d i a m e t e r ) ,  the f ines t  
g ranu le s  a r e  involved in en t ra inment .  Granules  which 
a r e  so l a rge  tha t  the mean  height  of t he i r  e jec t ion  h 0 
is s e v e r a l  t i m e s  l ess  than the height  of the s e p a r a t i o n  
zone hc, wi l l  not be c a r r i e d  away from the r e a c t o r  
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with the s t r eam.  But g ra ins  of d i ame te r  d, less  than 
some c r i t i ca l  value d m,  will have a va ry ing  probabi l i ty  
of becoming  en t ra ined ,  the probabi l i ty  i nc reas ing  with 
reduct ion of d. It is the re fore  expedient  to cons ide r  as 
a f r i s t  approximat ion  a b id i spe r se  model  of the f lu id-  
ized bed the ma in  m a s s  of which cons i s t s  of l a r g e r  
g ranu les  with d > d m,  which a re  not c a r r i e d  off 
from the r eac to r ,  with a s m a l l  por t ion of nfinesn with 

d < d m which may be blown away f rom the bed. 
We sha l l  cons ider  a s teady f luidized bed with no 

specif ic  supply and d ischarge  of solid. We shal l  de -  
s ignate  by N 1 the total  n u m b e r  of fine gra ins  in the 
bas ic  fluidized bed of height l 0, and by N z the total  
n u m b e r  of fine gra ins  in the separa t ion  volume at  any 
t ime r. There  is in tens ive  mix ing  in the f i r s t  region,  
and the local concen t ra t ion  of fines n I = N J l o S  is the 
s ame  throughout the whole volume of the bas ic  f lu id-  

ized bed. 
In the separa t ion  volume the concen t ra t ion  of fines 

falls exponent ial ly  with height: 

n~(z) = n,(O) exp ( - -  z/ho). (2) 

The constant  n 2 (0) is de t e rmined  from the n o r m a -  
l iz ing condit ion 

N~ --- S n~. (z) dz, (3) 
0 

and finally 

n,(z) : :  N, exp (--z/ho) (4) 
hoS [ l - - e x p  (-- lr 

T r a n s f e r  will occur by par t ic les  c r o s s i n g  the boun-  
dary  between the regions ,  the ra te  of t r a n s f e r  being 
propor t ional  to the c ros s  sect ion of the reac to r  and 
the concen t ra t ions  nl and n~ 

The balance of fine gra ins  in the basic  bed will be 
de t e rmined  by the d i f ferent ia l  equation 

dN., = __ alSn, + a~Sn2 (0) = - -  ai. Nl -i- a..Nz , 
d ": lo ho I 1 --exp ( - -  lr 

where the coeff icients  of propor t ional i ty  a I and a z 
depend on the hydrodynamic  proper t ies  of the bed. 
Putting 

a(Io = ki; at [ho [ l ~ e x p  (--lr -1 = ),-_, (5) 

we finally obtain 

dNl -" kiNi + k2N~. (6) 
d :  

The smal l  par t ic les  en te r ing  the separa t ion  volume 
are  in part  turned back with velocity ~.2Nz, and in par t  
c a r r i ed  away from the r eac to r  through the upper 
boundary.  Thus the balance equation for the fine gra ins  

in the separa t ion  space has the form 

where 

ks ---- aa ex p (--  lr ( h0 [ 1 - -  exp ( - -  lc/h,)l }-x. (7 ' ) 

If we denote by N 3 = N O - N 1 - N 2 the n u m b e r  of 
fine g ra ins  c a r r i e d  out of the r eac to r  up to t ime '  r, 
then a th i rd  balance equation 

dA/ (8 ---~'~ = k s  N2 
) 

d'~ 

is a s imple  consequence  of the two preced ing  equa -  
t ions.  

T 
Fig. 2. Typical  form of the t ime  dependence 

of the numbe r s  of g ra ins  in the reg ions  and 
entra ined:  1) NI; 2) N~; 3) N a. 

In the case of a ta l l  r eac to r  with a pneumat ic  t r a n -  
spor t  region,  Region III, par t ic les  whose c r i t i c a l  
velocity is less  than the s t r eam velocity a re  c a r r i e d  
away from the reactor .  For  these par t ic les  h 0 - -  
and h z - -  a 2 / l c ;  h a ~ a 3 / l  c ,  the balance equat ions 
a re  formal ly  the same  as the sys tem (6), (7). 

In the case of very  slow en t r a inmen t ,  when h 3 << 
<< hz; hi, a quas i s teady  equ i l ib r ium between Regions 
I and II is es tab l i shed  very  quickly af ter  the s t a r t  of 
the process  : 

)~, N1 ~ k,2. N2; N2 ~ kl Ndh2; N3 ~ No - -  (k, + k,)N,/k2. 

Subst i tut ing these re la t ions  into (8), we obtain 

dN1 
-" ~-~ --- ~-skt Nt/O~ "~- ~q), (9) 
dx  

i. e. , the monomolecular law introduced by Leva [3]. 
In the general case with congruent values of the 

parameters, the solution of the original system of 
differential equations (6)-(8) with the initial condition 

Nt(0) = No; N2(0) = Ns(O) = 0  

has the form 

N O 
Nl (3) 

kl - -  k2 

x {(M - -  k~.) exp ( - -k l~ ) - - (k l  --kl)  exp(- -  k~)}, 
(1o) 

dN~__ : k I N I - - L ,  No. .--k~N2, (7) 
d r  

~.1 No N~ (T) 
kt - -  k2 

{ e• (--k.. x ) -  exp (--kt '01,  (11) 
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X,Xs No 
Ns (x) = - -  x 

kt - -  k,  

x { l - -exp(--~x)kz  1 - -exp  ( - -k ,  x) I 
j '  

(12) 

where  k I and k 2 a r e  the roo t s  of the q u a d r a t i c  e q u a -  
t ion 

k t . 2 - h + M  r  ~ - V ( X ' + ~ ' 2 + ~ )  ~ 2  ~,x~,a. 

The typ i ca l  shape  of the cu rves  of (10)-(12) is 
shown in Fig.  2. The in i t i a l  p a r t s  of these  c u r v e s  a r e  
d e s c r i b e d  by the a p p r o x i m a t e  equat ions  

NxmNo--XxNox; N2 ~hNox, 
Ns -~ (hks/2) No x'. 

(13) 

Afte r  a c e r t a i n  t i m e  in t e rva l  r m = (/n k I - In k2) / 
/ (k  1 - k 2 ) ,  the concen t r a t i on  of fines in the space  above 
the bed  r e a c h e s  a m a x i m u m .  At  the s a m e  t i m e ,  the 
r a t e  of e n t r a i n m e n t  dN3/dr  r e a c h e s  a m a x i m u m ,  while  
a point  of inf lec t ion  is o b s e r v e d  on the cu rve  N3(r ). As 
has  been noted above ,  when X 3 << X2; X 1 a c o m p a r a t i v e l y  
ins ign i f i can t  f r ac t ion  of the to ta l  f ines wil l  have been 
c a r r i e d  off up to t ime  rm:  

Na,rdNo=ln (~'x+;q)~ [ ' ( h + ~ ) 2  ] - ~ ' M x a  h~.a 

and a f t e r  a fu r the r  t ime  (2-3)  T m,  the e n t r a i n m e n t  
wi l l  p r o c e e d  p r a c t i c a l l y  in a c c o r d a n c e  with the f i r s t -  
o r d e r  equat ion 

N a ( x ) ~ N o l l - - e x p ( -  ,,x q_ Xt "r)}. (14) 

It fol lows f rom c o m p a r i s o n  of e x p r e s s i o n s  (5) and 
(7') that ,  as  the he ight  h c of the s e p a r a t i o n  space  in -  
c r e a s e s ,  o ther  condi t ions  be ing  equal  (constant  c o m -  
pos i t ion  of the o r ig ina l  so l id ,  cons tan t  gas flow r a t e ,  
e tc .  ), the e n t r a i n m e n t  s lows up g r e a t l y ,  and the 
quant i t a t ive  law (12) a p p r o x i m a t e s  to the f i r s t - o r d e r  
equat ion (14). 

The dependence  on gas  flow r a t e  w p roves  to be 
m o r e  compl i ca t ed .  F i r s t l y ,  with i n c r e a s e  of w, e n -  
t r a i n m e n t  of l a r g e r  p a r t i c l e s  becomes  p o s s i b l e ,  and 
the boundary  d m sh i f t s .  If we c o n s i d e r  that  b e c a u s e  
of the exponen t ia l  na tu r e  of (1), this  boundary  is d e -  
t e r m i n e d  by the a p p r o x i m a t e  condi t ion  h0(dm) ~ / c / 4 ,  
then the influence of the s t r e a m  ve loc i ty  is d e t e r m i n e d  
by the fact  that  as  the ene rgy  of f luctuat ing mot ion  in 
the f lu id ized  bed  i n c r e a s e s ,  so  does the mean  e j ec t ion  
he ight  h0(d). Secondly,  as  w i n c r e a s e s ,  the mean  
e jec t ion  height  h 0 of the f r ac t ions  be ing  e n t r a i n e d  m u s t  
i n c r e a s e .  Since,  a c c o r d i n g  to (7'), this  quant i ty  e n t e r s  
exponent ia l ly  into the p robab i l i t y  of e j ec t ion  (roughly 
in the s a m e  way as  t e m p e r a t u r e  e n t e r s  into an e x -  
p r e s s i o n  for  c h e m i c a l  r e a c t i o n  ra te ) ,  then the e n -  
t r a i n m e n t  m u s t  i n c r e a s e  g r e a t l y  as  i t  i n c r e a s e s .  It 
is ev ident  that  the power  r e l a t i o n s h i p  of type k 3 ~ wn 

with l a r g e  exponents  (n ~ 4) in t roduced  in [3-10] a r e  
only a t t emp t s  to s e l e c t  an in t e rpo la t ion  f o r m u l a  for  
the exponent ia l  function (7'), and have l imi t ed  s i g n i -  
f icance .  

In the ca se  of a r e a c t o r  with a f lu id ized  bed having 
continuous c i r c u l a t i o n  of so l id ,  the r a t e  of e n t r a i n m e n t  
wi l l  be cons tant .  We sha l l  denote by c = cons t  the 
n u m b e r  of fine g r a in s  suppl ied  to the a p p a r a t u s  in 
unit  t i m e ,  this  be ing  a c e r t a i n  f r ac t ion  p << 1 of the 
to ta l  amount  of m a t e r i a l  suppl ied .  We sha l l  denote  the 
r a t e  of d i s c h a r g e  by XoN 1, while  N 4 wi l l  be the n u m b e r  
of fine g r a i n s  d i s c h a r g e d  f rom the a p p a r a t u s  a f t e r  a 
c e r t a i n  t ime  r. Then the ba l ance  equat ion for  the f ines 
t akes  the form 

dN1 
dx 

- -  = -- LtN, + ~.~Nz + c -- ho NI, 

dN~ 
- - =  : Xa Ni - -  M h"~ - -  ~3 Nz, (15) 
dx 

dNa X3 No, dN.l 
= - W 

When the p r o c e s s  is s t eady ,  the number  of fines in 
the bed and in the s e p a r a t i o n  volume wil l  c e a s e  to v a r y ,  
i . e . ,  

dN, dN~ =0.  (16) 
dx dx 

F r o m  (15) and (16) we can find the s t eady  c o n c e n t r a -  
t ions  

( )-' c Xl + ~..___~o M , 

( ? c X, 4- ko Z.s , 
x--Y- . 

(17) 

the r a t e  of e n t r a i n m e n t  

( )' dNs = X3~.l c X, + ~o X3 , (18) 
d-7 To x,+ x--T- 

and the r a t e  of r e m o v a l  of f ines f rom the a p p a r a t u s  

~.t + Xo ) - i  dN, = (X2 -,'- X3) c ~.~ + 7.s 
d ": Xo 

(19) 

rf t h e r e  w e r e  no e n t r a i n m e n t ,  then k3 = 0, and the 
concen t r a t i on  of f ines  in the  a ppa ra tu s :  

,~  = C/Xo (20) 

would c o m p r i s e  the s a m e  por t ion,  p, as  in the o r i -  
g inal  m a t e r i a l .  Compar ing  (20) and (17), we see  tha t  
when e n t r a i n m e n t  o c c u r s ,  the abso lu te  concen t ra t ion  
of fines in the appa ra tu s  and in the m a t e r i a l  c a r r i e d  
away c o m p r i s e s  a f r ac t ion  

Nt _ 1+ k j ) ,  < 1 (21) 
- l +  (1 + ~.~/Xo) Ldg2 

of p. This  quant i ty  m a y  be m e a s u r e d  in an e x p e r i m e n t  
as  the r a t i o  of the amount  of f ines c a r r i e d  away to the 
amount  in t roduced  in to the a ppa ra tu s .  
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F r o m  the ra t io  of the ra te  of e n t r a i n m e n t  to r a t e  of 
r e m o v a l  

dN3/dN4 klL3 = const (22) ~o ~ - ~ / ~  = ~ + ~ 

we may  obtain a s ingle  equat ion r e l a t ing  the th ree  
cons tants  Xl, X2, X 3. It can be seen  from (9) and (14) 
that  the ra t io  a l so  appears  in the r a t e  of e n t r a i n m e n t  
dur ing  per iodic  opera t ion  of the p rocess  without c i r -  
cula t ion of sol id  through the reac to r .  

If we m e a s u r e  the ra t io  of the concen t ra t ion  in the 
bed to that in the space above it under  s teady and 
quas i s t eady  condi t ions ,  we may  de t e rmine  the quant i ty  

NdN1 = ;~/(~2 + ;%) = const. (23) 

F r o m  the data of (22) and (23) we can find the m a i n  
p a r a m e t e r  de t e rmin ing  the ra te  of r emova l ,  i. e . ,  the 
quant i ty  X 3. 

To find al l  th ree  cons tants  it is s t i l l  n e c e s s a r y  to 
m e a s u r e  the concen t ra t ions  with a very  ta l l  r eac to r ,  
when X3 = 0. This gives a th i rd  equat ion 

N2.~/NI,~ = ~1/X2. (24) 

Thus ,  e n t r a i n m e n t  m u s t  be in t imate ly  connected 
with the s t r u c t u r e  of a f luidized bed and its p a r a -  
m e t e r s .  The model  developed above for m a t h e m a t i c a l  
ana lys i s  of the k inet ics  of e n t r a i n m e n t  is ,  of course ,  
a f i r s t  approx imat ion  to rea l i ty .  Compar i son  of it 
with e x p e r i m e n t  wil l  p e r m i t  the evaluat ion of the 
bas ic  k inet ic  constants  Xi and the i r  dependence on the 
condit ions of opera t ion of the process .  For  widely 
po lyd i sperse  g r a n u l a r  m a t e r i a l s  it may  be n e c e s s a r y  
to ref ine  the t r e a t m e n t  and even to analyze  the s e p a -  
ra te  f rac t ions .  

NOTATION 

p and Pn) mean and initial density of two-phase system in the space 
abovethe bed; h0) mean height of rise of ejected particles; z) height, 
measured from the top of Region I; co s and aJ0) critical velocity of 
fine particles and gas flow velocity, relative to the whole cross sec- 
tion of the apparatus; lc) height of the separation none (Region II); 
d) diameter of thesolid grains; dm) diameter of solid grains for which 
r s = w; l 0) height of the bed itself (Region I); S) cross-sectional area 
of the reactor; Xl, )~, k~) kinetic constants of entrainment. 
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